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> Solve:
argmin ®(u)
ueRd
®(-) non-convex objective.
> Gradient flow: J
u
— = _Vo
5 = Vo)

will decrease ® along trajectories.
> Gradient decent:

Upi1 =u, — hV®(u,)

0 < h <1 “learning rate.”



> Heavy Ball (Polyak 1964):

Vni1 = ApVp — VO (u),)

Upt1 =Up+ Vppa



» Heavy Ball (Polyak 1964):

Vpi1 = ApVp — VO (u))
Upt1 = Up + Vpyt
> Nesterov’s Accelerated Gradients (Nesterov 1983):
Vpi1 = ApVp — VO (u, + Apvp)

Uptl =Up+ Vpt1

An=n/(n+3).



> Heavy Ball (Polyak 1964):

Vnil = ApVp — VO (u),)

Uptl = Up+ Vpi1
> Nesterov’s Accelerated Gradients (Nesterov 1983):

Vni1 = ApVp — VO (u, + Apvp)

Uptl = Up + Vpt1

An=n/(n+3).
> Link:

Upi1 = Up + A\p(up —up_1) — AVO(u, + ap(u, —up_1))

an =0 HB, a, = A\, NAG.
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> Heavy Ball (Qian 1999):

d2
m—z +(t ) +Vd>(u) =0

> Nesterov’s Accelerated Gradients (Su et al. 2014):

d’u  3du
F—i_tdt—i_vq}() (0]



> Use Case:
An=X€(0,1)



> Use Case:
An=X€(0,1)

» Effect on continuum dynamic?



Momentum Methods
Gradient Flow
Modified Equation

Invariant Manifold



» Re-scaled Gradient Flow:

du

& = 1=V



> Re-scaled Gradient Flow:

du - 1
pri —(1—=X)""Vo(u)
du du



> Re-scaled Gradient Flow:

du

— =—(1=-)\)"'vo
= —(1-2) ')
du du

N = Vo

g )\dt Vé(u)

» Discretize:

u(t+ h) — u(t) u(t) —u(t—h)
- - A p ~ —Vo(u(t))




» Re-scaled Gradient Flow:

du i

= (1 )Ve()
du du

— —A—=-Vo

w s e

» Discretize:

u(t+h) —ut)  u(t) — ut—h)
h h

— Vo(u(t)) ~ -V (u(t) + haw)

~ —VO(u(t))

h



> Re-scaled Gradient Flow:

du

—=—(1-))"'Vo

= (1= 7'Ve(u)
du du

a e = Vew)

» Discretize:

u(t+ h) — u(t) u(t) —u(t—h)
5 - A : ~ —Vo(u(t))

— Vo(u(t)) ~ —Vo (u(t) i hw)

u(t+h) ~ u(t)+ Mu(t)— u(t—h)) — hVS(u(t)+a(u(t) — u(t—h)))



» Re-scaled Gradient Flow:

du B
e —(1—=X)"1Vo(u)
du du
g )\E = —Vo(u)
> Discretize:
u(t+ h) — u(t) u(t) —u(t—h) _
h —A . ~ —Vo(u(t))
— Vo(u(t) ~ ~Vo (u(t) . hw)

u(t+h) ~ u(t)+ M u(t)— u(t—h)) — AV (u(t)+a(u(t) — u(t—h)))

> Recall:

Upi1 =up, + ANu, —up_1) — hV®(u, + a(u, —up—1)) (1)



Suppose ® € C3(R?;R) and let u € C3([0,00); RY) be the
solution to

du
dt
with A € (0,1). For n=0,1,2,... let u, be the sequence given by

(1) and define u, = u(nh). The for any T > 0, there is a constant
C = C(T) > 0 such that

= —(1-))"1Vo(v)

sup |up —u,| < Ch
0<nh<T



Numerical lllustration

> O(u) = Ju? u(0) =up = 1.

Figure: A = 0.9 Figure: A = 0.99 Figure: OOC

Figure: A =0.9 Figure: A = 0.99 Figure: OOC
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> Recall (1):

Unt1 = Up + AUy — Up1) = hVO(u, + a(u, — up-1))



> Recall (1):
Upt1 = up + AN(up, —up_1) — hVS(u, + a(u, —up_1))
> Add and Subtract: u, —u,_;

Upi1 —2up +upg
h2

-I-(l—)\)un_—hun_1 = —Vo(u,+a(u,—u,_1))

h



> Recall (1):
Upt1 = Uy + >\(Un - Un_1) = hVCD(u,, T a(u,, = u,,_1))
> Add and Subtract: u, —u,_;

hun+1 —2up+upg
h2

—i—(l—)\)un_—hun_l = —Vo(u,+a(up,—u,_1))

» Hamiltonian dynamic:

d%u

) p—
dt2

-I-(l—)\)%-l—VCD(u) =0



Suppose ¢ € Cg(Rd;R), fix X\ € (0,1) and suppose a > 0 is
chosen so that a = 3(1+ X — 2a(1 — X)) is strictly positive. Let
u € C4([0,00),RY) be the solution to

d2
ha ol (1- )\)— =—-Vo(u)
with h small enough. For n=0,1,2,... let u, be the sequence
given by (1) and define u, = u(nh). Then for any T > 0, there is
a constant C = C(T) > 0 such that

sup |up —u,| < Ch
0<nh<T



Suppose ® € C3(R?;R), fix A € (0,1) and a,a > 0. Let
u € C4([0,00),RY) be the solution to

d%u

du

Then, if h is small enough, there are constants
c, C(z) C(2) C(3) C(3) > 0 independent of h such that for any
te [0 oo)



Numerical lllustration

Figure: A =10.9 Figure: A = 0.9 Figure: OOC

Figure: A = 0.9 Figure: A = 0.99 Figure: OOC



> ODE(s):

z”: RK=1(1 4+ (—=1)kX) dku

Kl gk = Vo)

k=1



» ODE(s):

P pk—1 _1\k ky
Zh (1+(=1)%\) d -

kI dtk —
k=1

» Taylor Expansion:
Unt1 = Up + Ntn — Up_1) — hVO(u,) + ChPTE

where up, = u(nh)



» ODE(s):

A ()R dRe
kI dtk

Vo(u)
k=1

» Taylor Expansion:

Unt1 = Up + MNp — Up_1) — hVO(u,) + ChPTE

where u, = u(nh)
» Order 1:




> Operators: T, : C®([0,00), RY) — C°°([0, 00), RY)

p k—1 k k
R1(1+ (—1)%\) d
Tou=3" ( */;l( ) )dt:, Yu € C([0, 00), RY)
k=1 ’



> Operators: T, : C®([0,0), RY) — C°°([0, 00), RY)

P pk—1 kY gk
h 1+(-1)"\)d
T = E ( —'l;l( ) )dt:’ Yu € C*([0, 00),RY)
k=1 ’

» Fourier Transform:

P k—1 Z 1R\ (i)
F(Tou)(w) = Yo T GO 2

k=1




» Operators: T, : C>°([0,00), RY) — C>([0, 00), R9)

AR =1(1 + (=1)*N) dku

o ik Yu e C*([0,0),RY)

Tou=

=
1>
3

» Fourier Transform:

P k—1 _ 1)k iw k
F(Tpu)(w) = 3 T CDIEN 2

k=1 ’
F(Tu)(w) = H(e + 2™ - A - DFWE)  (p— o)



> Operators: T, : C®([0,0), RY) — C>°([0, 00), RY)

P k—1 k k
P11+ (—1)FA) d¥u
Tou=>_ Kl dek

Yu e C=([0, ), RY)
k=

[y

» Fourier Transform:

P k-1 “1YR ) (jw)k
F(Tou)(w) = Y0 T GO £ )

k=1

F(Tu)() = (™ +2e™ A~ D)Fu)(w)  (p— o0)

OGE %f‘l(e”’“’ +Ae™ ™ — X —1)(t) x u(t)



> Operators: T, : C®([0,00), RY) — C°°([0, 00), RY)

P k—1 k k
& R L+ (—1)R)) dku
Tou=) Kl dek’

Yu € C*([0,0),RY)
k=

[y

» Fourier Transform:

P k-1 Z 1)\ (i)
F(Tou)(w) = Yo T CUAE 2

k=1

F(Tu)(w) = %(e""” e ™ _ A DF(u)w)  (p— o)

(Tu)(t) = %f‘l(e”’“ F e ™\ 1)(8) # u(t)

o= ZEHC) () sl
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> Recall (1):

Unt1 = Up + AUy — Up1) = hVO(u, + a(u, — up-1))



> Recall (1):
Upt1 = Uy + A(up —up_1) — hVO(u, + a(u, —up_q))

» Define:
vp = (u, —up_1)/h



> Recall (1):
Upi1 = U, + ANup, —up_1) — hVP(u, + a(u, —up—1))

» Define:
v, = (u, —up_1)/h

> Two-step:

Upt1 = Uy + hAv, — hV®(u, + hav),)

(2)
Vnt1 = AV, — VO(u, + hav))



> Recall (1):
un+1 — un + >\(un - un—]_) - th)(un + a(u,, - un_l))

> Define:
Vp = (un - un—l)/h
> Two-step:

Upi1 = Uy + hAv, — hV®(u, + hav),)

2
Vpt1 = AV, — VO(u, + hav)) (2)

> Notice h = 0:

u, = Ug
v, = —(1 = \) 71V (up)



» Define:
v, = (u, —up_1)/h

> Two-step:

Upi1 = Uy + hAv, — hV®(u, + hav),)

_ (2)
Vot1 = Av, — VO(u, + hav,)

> Notice h = 0:

u, = Up
v, = —(1 = \)"1Vd(up)

» Invariant Manifold: small perturbation to

vp=—(1-X)"1Vd(u,)



» Two-step:
Upt1 = Uy + hAv, — hVP(u, + hav,)
Vot1 = Av, — VO(u, + hav,)

> Notice h = 0:

()

u, = up
vh = —(1—=X)"1Vd(u)
» Invariant Manifold: small perturbation to
vy = —(1-X)"1Vo(u,)
seek g : RY — R s.t. the manifold
v=(1-))"1(=V(u))+hg(u)
A f(u)
is invariant under the dynamic:

v, = Xf(u,,) + hg(u,) <= vpy1 = S\f(unH) + hg(upt1)



Fix A € (0,1) and let, un,v,, for n=0,1,2,..., be given by (2).
Then there is a 7 > 0 such that for any h € [0, 7) there exists a
unique g € (7, ) such that

v, = M (up) + hg(up) <= Vo1 = M(upr1) + hg(upr1).
Furthermore, the manifold is exponentially attractive,
v, — Xf(u,,) — hg(up)| < (M + h2)\5)"|v0 — Xf(uo) — hg(up)|

where A + h°\ < 1.



» Recall:

Upt1 = Uy + hAv, — hV®(u, + hav,)
Vot1 = Avp, — VO(u, + hav))

= Xf(u,,) + hg(up) <= Vvp11 = Xf(u,,+1) + hg(upt1)



> Recall:

Upt1 = Up + hAv, — hV®(u, + hav,)
Vnt1 = AV, — VO (u, + hav))

— Xf(u,,) + hg(u,) <= vpy1 = /_\f(u,,+1) + hg(upt1)

» Define: T : C(RY RY) — C(RY;RY) by

p =&+ hA(MF(E) + hg(€)) + hf (& + ha(Af(€) + hg(€)))
Af(p) + h(Tg)(p) = AAF(E) + hg(&)) + F(& + ha(Af(€) + hg(€)))

fixed point of g — Tg gives invariant manifold.



» Define: T : C(RY RY) — C(RY;RY) by
p =&+ hAM(€) + hg(€)) + hf (€ + ha(AF(€) + hg(€)))
M (p) + h(Tg)(p) = MAF() + hg(€)) + F(€ + ha(Af(€) + hg(€)))

fixed point of g — Tg gives the invariant manifold.

» Taylor Expansion:
p =&+ hzg(§)
(Te)(p) = Mg (&) + alg(€) = ME(€)

where

wg (&) = M (&) + hg(€)
zg(&) = Awg(§) + f(§ + hawg(€))



» Taylor Expansion:

p=&+ th(f)
(Te)(p) = Ag(€) + alD (&) — X (€)

where

wg(§) = M (§) + hg(€)
zg(&) = Awg(§) + f(§ + hawg(€))

> Set: h=0

g(p) = X*(a— A)Df (p)f(p)



» Taylor Expansion:
p =&+ hzg (&)
(Te)(p) = Ae(€) + alg”(&) - ME(€)

where

wg () = M(€) + hg(€)
2g(§) = Awg(€) + F(€ + hawg(€))

> Set: h=0
g(p) = X*(a— A)Df (p)f(p)
8(p) = 522~ NV(VO(R)?)  (F(p) = ~VO(p)



» Dynamic: J
& -1

— =—(1—=X)""Vo,u(u
= (1= ) V()

where 1
dp(u) = d(u) + Ehc|v<1>(u)|2



Suppose the assumptions of the existance theorem hold. Let
u € C3([0,00); RY) be the solution to

du_

== NIV, (v)

with c = XA —a+1). Forn=0,1,2,... let u, be given by (1)
and define u, = u(nh). Then for any initial data on the invariant
manifold and any T > 0, there is a constant C = C(T) such that

sup |up —u,| < Ch?
0<nh<T



» Gradient flow:

du
— =—(1-))"'Vo

= —(1-N)Vo()
» Viscosity equation:

2
AL

a2 g +Vo(u)=0

» Perturbed gradient flow:

du

= (=" Iy <¢(u) + = hc|V¢(U)I2)
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